ABSTRACT
INTRODUCTION
Structure of sections of the World Wide Web can be visualized by the construction of graphical representations in 3-dimensional hyperbolic space. The remarkable property that hyperbolic space has "more room" than Euclidean space allows more information to be seen on the computer's screen amid less clutter; and motion by hyperbolic isometries, that is (i) left gyrotranslations and (ii) rotations, provides for mathematically elegant and efficient navigation. For the construction and manipulation of the 3-dimensional hyperbolic representations, hyperbolic trigonometry proves useful. The technique to visualize the hyperbolic structures, inspired by the Escher woodcuts [1] [2] [6] , is called the hyperbolic browser.
Following the increased interest in practical applications of hyperbolic geometry, the need to develop computational techniques in hyperbolic geometry clearly arises. Accordingly, we present in this article the hyperbolic trigonometry and its use in the Poincaré ball model of hyperbolic geometry, illustrated by a simple numerical example that demonstrates the novel remarkable analogies shared by Euclidean and hyperbolic geometry.
To achieve our goal we present in this article the Möbius gyrovector spaces, which form the setting for the Poincaré ball model of hyperbolic geometry in the same way that vector spaces form the setting for Euclidean geometry. These, in turn, enables hyperbolic trigonometry of the Poincaré ball model of hyperbolic geometry to be unified with the familiar trigonometry of Euclidean geometry. The two laws that govern Euclidean trigonometry are (i) the law of cosines, which includes the Pythagorean theorem as a special case, and (ii) the law of sines. These turn out to be a special case of the hyperbolic law of cosines and of sines that are presented in this article. Finally, the application of hyperbolic trigonometry for solving hyperbolic triangle problems in a way fully analogous to the application of Euclidean trigonometry for solving Euclidean triangle problems is demonstrated by a numerical example.
THE MÖBIUS GYROVECTOR SPACE
Let V ∞ be any real inner product space, and let V c be the open ball of V ∞ ,
with radius c > 0. Möbius addition is a binary operation in V c given by the equation
To justify calling ⊕ a Möbius addition, let us consider the unit open disc z → e iθ z 0 + z 1 +z 0 z = e iθ (z 0 ⊕z) (2.6) z 0 ∈ D , θ ∈ R, defines the Möbius addition ⊕ in the disc, allowing the Möbius transformation of the disc to be viewed as a Möbius left gyrotranslation
followed by a rotation. Identifying vectors u in R 2 with complex numbers u ∈ C in the usual way we have
The inner product and the norm in R 2 then become the real numbers
whereū is the complex conjugate of u. Under the translation (2.9) of elements u, v of the disc R 2 c=1 of R 2 into elements u, v of the complex unit disc D , the Möbius addition (2.2), with c = 1 for simplicity, takes the form
for all u, v ∈ R 2 c=1 , and all u, v ∈ D , thus recovering the special Möbius transformation of the disc which gives the Möbius addition (2.7) in the disc [7] [10].
Möbius addition shares remarkable analogies with the common vector addition. These analogies for the Möbius addition in the disc follow.
If we define gyr[a, b] to be the complex number with modulus 1, given by the equation
then for all a, b, c ∈ D the following group-like properties of ⊕ are verified by straightforward algebra:
The prefix "gyro" that we extensively use to emphasize analogies stems from the Thomas gyration, which is the abstract extension of the relativistic effect known as the Thomas precession [8] . The remarkable analogies that Möbius addition in the disc shares with the common vector addition remain valid in higher dimensions. In fact, the groupoid (V c , ⊕) possesses a grouplike structure called a gyrogroup [8] , the formal definition of which follows. 
for all z ∈ G, then the following hold for all a, b, c ∈ G:
2), turns out to be a gyrocommutative gyrogroup, called the Möbius gyrogroup, where the inverse of v ∈ V c is ⊖v = −v. We will now equip it with scalar multiplication, turning it into a gyrovector space, (V c , ⊕, ⊗), called the Möbius gyrovector space.
The scalar product over the real line R in a Möbius gyrovector space (V c , ⊕) is given by the equation
where r ∈ R, v ∈ V c , v = 0; and r⊗0 = 0. We use the notation r⊗v = v⊗r. The scalar multiplication ⊗ is compatible with Möbius addition, possessing the following properties. For any positive integer n and for all r, r 1 , r 2 ∈ R and v ∈ V c ,
In one dimension all vectors are parallel and, hence, the Thomas gyration vanishes, turning gyrogroups and gyrovector spaces into groups and vector spaces. Realizing the real inner product space V ∞ by the real line R one thus obtains the exotic Möbius group (R c , ⊕) and Möbius vector space (R c , ⊕, ⊗), where 
THE MÖBIUS GEODESICS AND ANGLES
In full analogy with Euclidean geometry, the unique Möbius geodesic passing thorough the two given points u and v of a Möbius gyrovector space (V c , ⊕.⊗) is represented by the parametric gyrovector equation
with parameter t ∈ R. We note that in (3.1) −u = ⊖u. A Möbius 2-dimensional (3-dimensional) geodesic is shown in Fig. 1.1 (Fig. 1.2) . Since the Poincaré model of hyperbolic geometry is conformal to Euclidean geometry, the measure of hyperbolic angles in the model equals the Euclidean measure in the model. This helps to visualize relationships between hyperbolic angles. Since the Poincaré ball model of hyperbolic geometry is governed by the Möbius gyrovector space in the same way that Euclidean geometry is governed by the common vector space, we define the Möbius angle by analogy with the Euclidean angle as follows. 3) , is shown. The value of cos α is independent of the choice of the points v and w on the two geodesic rays that emanate from u [9] . Hence, one may select the points v and w on the geodesics in an arbitrarily small neighborhood of the point u. Being conformal, a small neighborhood of any point of the Poincaré model of hyperbolic geometry approximates a small neighborhood in Euclidean geometry. Hence, the measure of a Möbius angle between two intersecting geodesic rays equals the measure of the Euclidean angle between corresponding intersecting tangent line. As such, the hyperbolic angle α in the Möbius gyrovector plane (R 2 c=1 , ⊕, ⊗), as given by (3.3) , is coincident with the well known hyperbolic angle of the Poincaré disc model of hyperbolic geometry.
Let
t ∈ R + , be two geodesic rays in a Möbius gyrovector space (V c , ⊕, ⊗) that emanate from a common point u, Fig. 1.3 . The cosine of the Möbius angles α and 2π − α between these geodesic rays is defined by the equation and, accordingly,
The definition of the angle α in (3.3) as a property of its generating intersecting geodesics is legitimate since it is independent of the choice of the points v and w on their geodesics, as shown and explained in the caption of Fig.  1.3 . Moreover, while the definition of the hyperbolic angle in (3.3) has a novel form that exhibits analogies with the Euclidean angle, it is coincident with the standard, well known hyperbolic angle in the Poincaré model of hyperbolic geometry, as explained in Fig. 1.3 . The hyperbolic angle is invariant under the "rigid motions" of hyperbolic geometry, that is, under (i) left gyrotranslations and (ii) rotations [9] .
THE HYPERBOLIC TRIGONOMETRIC LAWS
The hyperbolic trigonometric laws, (i) the law of sines and (ii) the law of cosines, in a form fully analogous to the form of their Euclidean counterparts, are presented for any hyperbolic triangle ∆abc, Fig 1. 
In the special case when γ = π/2, corresponding to a hyperbolic rightangled triangle, Fig. 1 .5, the hyperbolic law of sines is of particular interest, giving rise to the relations One may note that the Möbius addition ⊕ in (4.6) is a gyrogroup operation in the Möbius gyrovector space (V c , ⊕, ⊗), while the Möbius addition ⊕ in (4.7) is a group operation in the Möbius group (R c , ⊕).
Theorem 4.2 (The Hyperbolic Law of Cosines). Let ∆abc be a triangle in a Möbius
The hyperbolic law of cosines (4.7) is an identity in the Möbius vector space (R c , ⊕, ⊗). To solve it for cos γ we use the notation
so that (4.7) can be written as
and, similarly by cyclic permutations,
In the special case when γ = π/2, corresponding to a hyperbolic rightangled triangle, Fig. 1 .5, the hyperbolic law of cosines is of particular interest, giving rise to the hyperbolic Pythagorean theorem in the Poincaré ball model of hyperbolic geometry. 
(4.14)
NUMERICAL DEMONSTRATION
In order to demonstrate the use of the hyperbolic trigonometry laws of sines and cosines we present a numerical example of solving a hyperbolic triangle problem. Without loss of generality we select, for simplicity, c = 1. Corroborating the hyperbolic trigonometric law of sines, Theorem 4.1, we find from (5.4) and (5.10) that
We now wish to calculate the orthogonal projection c 0 of the vertex c on its opposite side C, as well as the resulting height, h, and the partition (C 1 , C 2 ) of the side C of the hyperbolic triangle ∆abc in Fig. 1.6 . By an application of (4.5) to the hyperbolic right-angled triangles ∆acc 0 and ∆bcc 0 that partition the triangle ∆abc in Fig. 1.6 we have, in full analogy with Euclidean trigonometry,
(5.14)
The two results in (5.14) agree with each other, as expected. It follows from (5.14) and (4.2) that
Having the value of h in hand, we can now calculate C 1 and C 2 from the hyperbolic Pythagorean theorem 4.3,
Having the values of h , C 1 and C 2 in hand, we can now calculate the point c 0 in two equivalent ways, as indicated by Fig. 1.6 , and in full analogy with Euclidean geometry,
where × is the common scalar multiplication in the vector space R 2 that contains the Möbius disc R 2 c=1 where the hyperbolic triangle ∆abc resides, Fig. 1.6 .
Finally, let us use the calculated value of c 0 to calculate the hyperbolic angles γ 1 = \acc 0 and γ 2 = \bcc 0 the sum of which must be γ 1 +γ 2 = γ, as shown in Fig. 1.6 . We have
Hence,
and, as expected, by (5.11) and (5.19) we have The resulting three heights of the triangle ∆abc of Fig. 1.6 are shown in Fig. 1.7 , demonstrating the well known fact that in hyperbolic geometry these are concurrent, as they are in Euclidean geometry. Moreover, the product of the M-magnitude of each height of the triangle with that of its corresponding For the sake of simplicity, the hyperbolic trigonometric calculations are presented in this article in the two-dimensional Möbius gyrovector space, which is the gyrovector space that governs the Poincaré disc model of hyperbolic geometry. However, hyperbolic trigonometric calculations can be performed in a similar way in the Poincaré ball model of n-dimensional hyperbolic geometry in any dimension n. The case of three dimensions is of particular interest in the development of efficient computer software for three-dimensional hyperbolic browsers.
